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1 Introduction

1.1 Mathematical problem solving, verification, and a priori didactic analysis

Mathematical problem solving is a core component of lower secondary mathematics education and con-
tributes to the development of mathematical thinking (Rendl et al., 2013). It is typically conceptualised
as a multi-phase process that includes reflection and verification. Although the development of verifi-
cation skills is critical to improving problem-solving ability, prior research in geometry problem solving
suggests that learners often omit explicit verification, and when verification occurs it may remain cursory
(Papadopoulos & Dagdilelis, 2008).

Understanding how problem solving processes unfold, and where typical breakdowns occur, is therefore
an important concern for both researchers and teachers in lower secondary mathematics education.

The need for verification becomes particularly visible in tasks whose structure does not uniquely deter-
mine a single interpretation or solution pathway. Jonassen (1997) distinguishes well-structured problems
from ill-structured problems, the latter requiring interpretative and evaluative judgements in addition
to procedural work. In such tasks, a correct-looking sequence of steps may still lead to an inadequate
solution if key assumptions or constraints remain unchecked. For teachers, this creates an instructional
challenge: it is necessary not only to anticipate typical procedural errors, but also to foresee how students
may interpret a task and where verification is likely to be missing. This anticipatory challenge connects
directly to the practice of a priori didactic analysis in instructional planning.

Research on mathematical cognition shows that successful problem solving itself involves anticipatory
thinking, such as foreseeing intermediate outcomes, control steps, and potential breakdowns during the
solution process (Carlson & Bloom, 2005). From an instructional perspective, teachers need to anticipate
these processes at the level of student thinking. This anticipatory dimension is captured by a priori task
analysis, a concept rooted in the Theory of Didactical Situations (Brousseau, 1997) and operationalised
for instructional planning by Novékova (2013), in which teachers consider likely student strategies, inter-
pretations, and errors before classroom implementation.

However, systematic a priori analysis is cognitively demanding and often depends on teachers’ ex-
perience and intuition, particularly in tasks requiring non-routine reasoning or explicit verification. This
motivates the search for tools that could support teachers in anticipating student thinking during instruc-
tional planning. These open questions motivate the present study, which examines LLM outputs not in
terms of correctness but with respect to process completeness and didactic relevance.
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1.2 Large language models in mathematics education: opportunities and open
questions

Recent literature highlights both opportunities and risks associated with the use of large language models
(LLMs) in education. LLMs may support instruction by providing feedback, generating instructional
materials, and assisting with individualisation (Kasneci et al., 2023). Reviews in mathematics education
similarly suggest that tools such as ChatGPT can generate examples, explanations, and assessment items
for both teachers and learners, while also raising concerns about superficial learning, academic integrity,
and overreliance on Al-generated solutions (Almarashdi et al., 2024).

From a didactic perspective, however, important questions remain regarding LLMs as problem solvers
and as generators of student-like solution attempts. Although LLMs can often produce correct final
answers, it is less clear how they enact the underlying problem solving process and whether they spon-
taneously engage in essential phases such as verification. McGalliard and Otten (2025) examined Al
responses to challenging mathematical problems and found that while models could handle routine tasks,
their performance degraded on non-routine problems requiring insight or heuristic reasoning. This finding
motivates empirical studies that examine LLM outputs not only in terms of correctness, but also with
respect to process characteristics and didactic relevance.

1.3 Aim and research questions

The aim of this study is to explore the didactic potential of a large language model (LLM) for analysing
mathematical problem solving processes and for supporting a priori didactic analysis in lower secondary
mathematics education. Specifically, the study investigates how an LLM enacts key phases of mathemat-
ical problem solving under different prompting conditions and to what extent the same model can be
used to generate student-like solution attempts that are meaningful for instructional planning.

The study is guided by three research questions that build on each other progressively. The first
question establishes a baseline by examining the model’s spontaneous problem solving behaviour. The
second question tests whether structured prompting can improve the completeness of the process. The
third question extends the investigation to the model’s capacity for generating student-like solution
attempts.

e RQ1: To what extent does an LLM, acting as an independent problem solver, enact the key phases
of the mathematical problem solving process when solving lower secondary mathematics tasks?

e RQ2: How does the quality and completeness of the LLM’s problem solving process change when
the model is guided by a structured Pdlya-inspired prompting framework?

e RQ3: To what extent can an LLM generate solution attempts that plausibly reflect different lower
secondary student profiles in terms of ability and effort, and how useful are such outputs for a priori
didactic analysis of typical errors, incomplete strategies, and instructional needs?

2 Theoretical background

2.1 Problem solving phases and verification as result checking

Problem solving in mathematics is commonly described as a process comprising several interrelated
phases, including understanding the problem situation, devising a solution plan, carrying out this plan,
and subsequently examining the obtained result. Although different authors use varying terminology,
there is broad agreement that successful problem solving involves not only executing procedures but also
assessing whether the produced result adequately satisfies the task conditions.

In his seminal work, Pélya (1945) conceptualises problem solving as a four-step process—understand-
ing the problem, devising a plan, carrying out the plan, and looking back—where the final phase explicitly
involves examining the result and checking the correctness of both the outcome and the procedure.
Pélya’s framework was adopted in this study for three reasons. First, it is the most widely recognised
model of mathematical problem solving and provides a common reference point across the literature.
Second, it explicitly identifies verification (looking back) as a distinct phase, which makes it well suited
for operationalising verification as a coding criterion. Third, its four-step structure is naturally amenable
to translation into a structured prompt for a language model. The use of this framework in the present
study is pragmatic rather than theoretical: it serves as a scaffolding tool for the LLM, not as a theory of
cognition.
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Empirical studies indicate that the final phase is frequently omitted by novice solvers. In contrast to
experts, who regularly monitor and verify their reasoning, beginners tend to apply familiar procedures
quickly and uncritically, often without checking the adequacy of their solution (Schoenfeld, 1985). Kon-
torovich (2019) argues that students’ failure to check solutions is not merely a matter of carelessness but
reflects deeper epistemological dispositions about what constitutes a finished mathematical task.

In this study, the term verification is used in a narrow, operational sense to denote explicit checking of
the correctness and plausibility of an obtained result. Such checking may include, for example, substituting
a solution back into the original conditions, examining whether all constraints of the task have been
respected, or providing a brief justification of why the result is valid. Verification in this sense does not
necessarily involve extended metacognitive reflection but rather a concrete test of the solution’s validity.

From a cognitive perspective, the frequent omission of verification can be interpreted through the
lens of dual-process theories of reasoning. According to these theories, human thinking involves the
interaction of two qualitatively different modes: a fast, intuitive, and heuristic mode (often referred to
as System 1) and a slower, more deliberate, and analytical mode (System 2). While System 1 enables
rapid generation of plausible solution steps, System 2 is typically required for careful monitoring, error
detection, and explicit verification of results (Liu et al., 2025). In the absence of deliberate engagement
of analytical control, problem solving may terminate prematurely once a seemingly acceptable result has
been obtained. Liu et al. (2025) argues that contemporary LLMs tend to operate as black-box generators
of fluent solution sequences, producing responses that resemble fast heuristic reasoning unless explicit
mechanisms for verification are invoked. Their proposed Invoke—Verify—Inject framework highlights that
verification does not emerge spontaneously but must be deliberately activated as a separate control
process. This perspective provides theoretical support for interpreting verification as a fragile phase of
problem solving that is easily omitted unless explicitly prompted.

At the same time, research on mathematical problem solving emphasises that verification should not
be understood solely as a final, terminal step. Studies of open-ended and exploratory problem solving show
that the process is inherently recursive rather than linear. Cifarelli and Cai (2005), for example, demon-
strate that solvers continuously reformulate goals, pose subproblems, and adjust strategies while working
on a task. Such recursive activity requires ongoing monitoring of intermediate results and assumptions,
effectively embedding verification throughout the solution process rather than relegating it to the end.

From an educational perspective, this recursive view further explains why verification poses difficul-
ties for novice solvers. Continuous monitoring and revision place high demands on cognitive control and
metacognitive awareness, which are often underdeveloped in lower secondary students. As a result, veri-
fication may be reduced to an optional or entirely omitted activity, especially in the absence of explicit
instructional emphasis. Treating verification as a distinct and observable component of problem solving
therefore makes it possible to analyse whether this essential control mechanism is present or absent in
a given solution, independently of the correctness of the final result.

By focusing on verification as explicit result checking, the present study adopts an operational per-
spective that is directly aligned with the evaluation criteria used in the empirical analysis. This approach
enables a transparent examination of the completeness of problem solving processes while remaining
consistent with the scope and aims of the study.

2.2 llI-structured tasks and the need for interpretation

Mathematical tasks differ in the extent to which their structure constrains interpretation and solution
pathways. This distinction is commonly captured through the concept of ill-structured problems, which
are characterised by ambiguous conditions, incomplete specification of constraints, multiple reasonable
assumptions, and the absence of a single uniquely defined solution (Jonassen, 1997). In contrast to well-
structured tasks, ill-structured problems require solvers to make interpretative decisions about what the
task situation means and which assumptions are admissible.

In mathematics education, ill-structuredness is often realised in classroom practice through open-ended
tasks. Such tasks deliberately allow for multiple solution strategies, representations, or outcomes. While
the terms ill-structured and open-ended are not strictly synonymous, they are closely related: open-ended
tasks can be understood as a didactic instantiation of ill-structured problems, designed to foreground
interpretation and evaluation as integral parts of mathematical activity.

In ill-structured and open-ended tasks, producing a procedurally correct result does not automatically
guarantee that the task has been solved appropriately. The validity of a solution depends on whether
the adopted interpretation, assumptions, and strategy are consistent with the task conditions. Explicit
verification therefore becomes a central control mechanism, as it enables the solver to evaluate whether
the obtained result is acceptable within the intended constraints and whether alternative interpretations
would lead to different conclusions.
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From an educational standpoint, open-ended tasks are also linked to the development of mathematical
creativity. Empirical work suggests that open-ended problems can foster key components of creative
mathematical thinking, including fluency, flexibility, and originality (Suyitno et al., 2018). At the same
time, these tasks place substantially higher demands on self-monitoring and evaluation than routine
problems. Without explicit instructional support, students may prioritise producing a plausible solution
over critically examining whether it satisfies the conditions and assumptions embedded in the problem
situation.

The importance of validation mechanisms in ill-structured tasks is highlighted within the Theory
of Didactical Situations. Brousseau and Gibel (2005) argues that learning emerges through interaction
between the learner and the problem environment (milieu), which provides feedback on the adequacy
of proposed actions and interpretations. If the milieu does not offer meaningful feedback, learners lack
resources for validating their implicit models and may remain unaware of inconsistencies in their reason-
ing. Under such conditions, verification is less likely to occur spontaneously because the need for it is not
made visible by the task environment.

This perspective is directly relevant for analysing large language models in the role of problem solvers.
When an LLM is presented with an ill-structured or open-ended task without external feedback and
without explicit prompts for reflection, it operates in an environment analogous to a learner facing
a non-responsive milieu. Under these conditions, the model—much like a student—may generate a fluent
and procedurally coherent solution without recognising the need for explicit verification. This makes ill-
structured and open-ended tasks a particularly sensitive context for examining verification as a fragile
but didactically significant phase of the problem solving process.

2.3 A priori didactic analysis and anticipatory teacher knowledge

In mathematics education, a priori didactic analysis refers to systematic work with a task before it is
implemented in the classroom, focusing on how students are likely to interpret the task, which strategies
they may employ, and which errors or incomplete approaches may arise (Brousseau, 1997). In this sense,
a priori analysis represents a form of anticipatory teacher knowledge that supports instructional planning
by identifying critical points of reasoning, likely breakdowns, and opportunities for targeted intervention.

The ability to work productively with student errors is increasingly conceptualised as part of teachers’
professional competence. Research on teacher noticing describes this competence as a process involving
perception, interpretation, and decision-making. In the PID model proposed by Hoth et al. (2022), teach-
ers must first notice a student’s error, then interpret its underlying cause, and finally decide on an
instructional response. While the PID model primarily describes in-the-moment classroom reasoning,
a priori analysis can be seen as directly supporting its first two components by strengthening teachers’
sensitivity to typical errors and their interpretative readiness.

Importantly, anticipatory accuracy is not fixed. Stannard and Foster (2025) provide evidence that
secondary mathematics teachers can significantly improve their ability to predict student errors through
repeated practice and comparison with empirical student data. However, such anticipatory work is time-
demanding, especially for complex or non-routine tasks. Empirical findings suggest that expert teachers
adjust their anticipation time based on task complexity; they devote substantially more time to antic-
ipating typical student errors than novice teachers as task complexity increases, whereas they identify
errors in simpler tasks more rapidly (Pankow et al., 2016). This highlights a practical tension: a priori
analysis is didactically valuable, but often constrained by time and cognitive load.

From this perspective, large language models may serve as supportive tools for a priori didactic anal-
ysis by rapidly generating multiple plausible solution attempts, including incomplete reasoning, typical
procedural errors, and missing verification steps. In the present study, such outputs are not interpreted
as predictions of individual student behaviour, but as illustrative artefacts that may stimulate teachers’
anticipatory thinking and support the interpretation phase of professional noticing.

At the same time, the use of Al-generated outputs in lesson preparation requires a critical stance.
Recent work emphasises the need for critical AI literacy among educators, understood as the ability to
evaluate Al outputs with awareness of their limitations, biases, and potential hallucinations (Ocak et
al., 2025). When LLMs are used to simulate student thinking, their responses may appear pedagogically
plausible while still misrepresenting actual student reasoning or overstating mathematical sophistication.
Consequently, Al-generated solution attempts should be treated as material for reflection rather than as
authoritative representations of students’ cognitive processes.
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2.4 Using large language models as simulated learners to support instructional
planning

Recent research increasingly explores the use of artificial intelligence not only as a source of solutions
or feedback, but also as a means of simulating learner behaviour for the purpose of teacher education
and instructional planning. In this context, large language models have been proposed as simulated
learners-artificial agents that generate plausible student-like solution attempts, including typical errors,
misconceptions, and incomplete reasoning.

A key strength of LLM-based simulated learners is that they can generate student-like solution at-
tempts that include not only procedural errors but also conceptually flawed interpretations of the task.
In Al-driven role-play environments, teachers can therefore work with a range of plausible yet imperfect
student responses and rehearse diagnostic reasoning and instructional moves in a low-risk setting (Zhuang
& Zhang, 2025). Such simulations support a decomposition of practice by allowing teachers to focus on
specific aspects of teaching (e.g., noticing and interpreting errors) without simultaneously managing the
full complexity of classroom interaction (Zhuang & Zhang, 2025).

Zhuang and Zhang (2025) introduced Student GPT, a system designed to simulate erroneous math-
ematical reasoning in the domain of ratios, enabling pre-service teachers to practise diagnosing student
misconceptions and selecting appropriate responses. Their findings suggest that repeated work with sim-
ulated student solutions allows teachers to practise and reflect on situations that are difficult to capture
and revisit in real classrooms.

At the same time, empirical work cautions against assuming full fidelity of LLM-based student simula-
tions. One limitation concerns the instability of role adherence: even when prompted to act as a struggling
student, LLMs may shift into an expert or teacher-like register, which reduces the authenticity of the
simulated learner and may distort the diagnostic task for the teacher (Zhuang & Zhang, 2025). More
broadly, Guerra et al. (2025) argue that interactions with large language models can create an illusion of
understanding, in which Al-generated responses appear coherent and pedagogically plausible while lack-
ing grounding in human cognitive processes. From this perspective, simulated student solutions should
not be interpreted as representations or predictions of actual student thinking, but rather as constructed
artefacts whose plausibility depends on task type, prompting, and model characteristics.

Beyond student simulation, large language models have also been shown to support instructional
preparation in the form of scaffolding and material design. Malik et al. (2025) demonstrate that, when
appropriately prompted, LLMs can generate scaffolding sequences and preparatory tasks for middle school
mathematics that are comparable in quality to those produced by expert educators. Such findings support
the view that LLMs may contribute to a priori planning by helping teachers explore alternative task
formulations, anticipate learning trajectories, and design targeted supports.

Taken together, these strands of research suggest that the educational value of large language models
lies not in replacing teacher judgement, but in augmenting reflective instructional planning. When used
as simulated learners or generators of preparatory materials, and when embedded within a framework of
a priori analysis and critical interpretation, LLMs can support teachers in anticipating student thinking
and identifying potential breakdowns in problem solving processes. From a cognitive perspective, these
affordances and limitations are consistent with accounts that distinguish between rapid generation of
plausible responses and slower processes of verification and integration, suggesting that Al-generated
simulations should be treated as heuristic artefacts rather than models of fully grounded student cognition.

3 Methodology

3.1 Design overview

The study adopts a qualitative demonstration design aimed at exploring the problem solving behaviour of
a large language model (LLM) and its potential didactic use in lower secondary mathematics education.
Rather than evaluating model performance in terms of efficiency or optimisation, the focus is on analysing
the structure and completeness of problem solving processes and on examining the didactic relevance of
model-generated solution attempts.

The methodology comprises two complementary experiments. Experiment 1 investigates the behaviour
of the LLM when solving lower secondary mathematics tasks under two different prompting conditions. In
the baseline condition, the model acts as an independent problem solver without explicit methodological
guidance. In the second condition, the model is guided by a structured Pdlya-inspired framework that
explicitly prompts different phases of problem solving. This experiment addresses Research Questions RQ1
and RQ2 by comparing the presence and quality of problem solving phases across conditions.
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Experiment 2 explores the extent to which the same LLM can be used to generate student-like solution
attempts by simulating different lower secondary student profiles. The aim of this experiment is not to
predict individual student behaviour but to examine whether the generated outputs can plausibly reflect
typical strategies and errors and whether they are useful for a priori didactic analysis. Experiment 2
addresses Research Question RQ3.

Across both experiments, the analysis is based on qualitative evaluation using explicitly defined criteria
aligned with the theoretical framework outlined above. The methodological choices are designed to ensure
transparency and consistency between the theoretical concepts, the experimental procedures, and the
subsequent interpretation of results.

3.2 Model and experimental setting

All experiments were conducted using the Gemini 2.5 Pro large language model on 22 September 2025. The
model was accessed in a standard interactive setting without any task-specific fine-tuning or additional
training.

For each experimental condition, a single interaction thread was used. In Experiment 1, the full
sequence of 24 tasks was presented within one interaction in the baseline condition and within a separate
interaction in the Pdlya-guided condition. In Experiment 2, separate interaction threads were used for
each simulated student profile. No feedback was provided between tasks, and the model was not allowed
to revise or correct its previous responses.

All tasks were presented to the model in Czech, and all responses were generated in Czech. The tasks
were designed or selected to correspond to the mathematical level and forms of expression expected at
the lower secondary level. Czech was used consistently as the language of interaction throughout the
study. As Czech represents a less-resourced language in the training data of contemporary large language
models, the observed problem solving behaviour may be influenced not only by task characteristics and
prompting conditions but also by language-related factors.

In the baseline condition of Experiment 1, the model received no instructions regarding how to ap-
proach or present its solutions; the input consisted solely of the task statements. In the Pdlya-guided
condition and in Experiment 2, the model’s behaviour was influenced only by the explicit prompts de-
scribed in the corresponding methodological sections. No additional guidance regarding solution structure,
verification, or expected length was provided beyond these prompts.

The experiments were conducted over a limited time period to reduce the potential impact of model
updates. While the exact internal parameters of the model are not accessible, procedural transparency is
ensured by clearly documenting the prompts, task set, and evaluation criteria used in the analysis.

3.3 Task set and task classification

The study is based on a set of 24 mathematical tasks selected for the purposes of the present analysis.
The task set combines tasks designed or adapted by the authors with non-routine tasks. The non-routine
tasks included in Appendix B were taken from publicly available problem sets of the Czech Mathematical
Olympiad (MO). The tasks are reproduced for research and academic purposes with full source attribu-
tion. The original official wording and task context (year, round, category) are credited in the references.
All tasks were chosen to be appropriate for the lower secondary level in terms of mathematical content,
required procedures, and expected forms of reasoning.

To support a differentiated analysis of problem solving behaviour, the tasks were organised into four
categories according to their structural characteristics and cognitive demands. The first category consisted
of well-structured algebraic tasks, in which the problem conditions were explicitly stated and a standard
solution procedure could be applied. These tasks served as a reference point for analysing basic procedural
correctness and explicit result checking.

The second category comprised ill-structured or open-ended word problems designed or adapted by
the authors. These tasks allowed for ambiguity in interpretation or admitted multiple reasonable solution
approaches and required solvers to make interpretative decisions. They provided a suitable context for
examining whether explicit verification was used to check the adequacy of the adopted interpretation.

The third category included non-routine problems taken directly from the Czech Mathematical Olym-
piad, category Z9, which targets mathematically advanced ninth-grade students (aged 14-15). They typi-
cally require insight, heuristic reasoning, or a non-standard strategy and are substantially more demanding
than routine classroom tasks. Research has shown that AI models may struggle with such non-routine
problems even when performing well on standard tasks (McGalliard & Otten, 2025). The inclusion of
these tasks therefore provides a stringent test of the model’s problem solving behaviour in mathematically
demanding situations.
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The fourth category consisted of geometric construction tasks designed by the authors. These tasks
required solvers to propose and justify a construction procedure and to consider the validity of the
resulting construction.

Each category contained six tasks, resulting in a total of 24 tasks. The same task set was used in
both prompting conditions in Experiment 1. In Experiment 2, a subset of tasks was selected from each
category in order to reduce the overall number of simulated solutions while preserving the diversity of
task types.

3.4 Experiment 1: LLM as problem solver

Experiment 1 examined how the large language model responded to lower secondary mathematics tasks
under two different conditions: (a) without any instructional prompting beyond the task statements
themselves, and (b) with an explicit, structured prompt inspired by Pélya’s problem solving framework.

3.4.1 Procedure and conditions

In both prompting conditions, the model interacted with the full set of 24 tasks within a single interaction
thread. The tasks were presented sequentially, one after another, without feedback or correction between
tasks.

In the baseline condition, the model received no instructions regarding how to approach or present
its solutions. The input consisted solely of the task statements provided in Czech. No guidance was given
concerning solution structure, explanation of reasoning, or result checking. This condition was intended
to capture the model’s spontaneous responses to a sequence of mathematical tasks.

In the Pdlya-guided condition, a new interaction thread was initiated. At the beginning of the interac-
tion, the model received a structured introductory prompt inspired by Pdlya’s problem solving framework.
This prompt instructed the model to address four phases of problem solving: understanding the problem,
devising a plan, carrying out the plan, and looking back, with explicit emphasis on result checking in the
final phase. The full wording of this prompt, in its original Czech form, is provided in Appendix A. The
same 24 tasks were then presented sequentially within the same interaction thread. After each task state-
ment, a brief reminder was included prompting the model to adhere to the problem solving framework
introduced at the beginning of the interaction. No feedback was provided between tasks, and the model
was not allowed to revise or correct its previous responses. The full wording of the 24 tasks (in Czech)
is provided in Appendix B. The complete transcripts of all model interactions, including all task state-
ments and verbatim model-generated responses for both experiments (approx. 200 pages), are provided
as Supplementary Material and are available at: https://https://osf.io/k2vpw/.

3.4.2 Evaluation criteria for Experiment 1

The solutions generated in Experiment 1 were analysed using a set of qualitative evaluation criteria
focusing on the presence and completeness of key phases of the problem solving process. The analysis did
not aim to assess mathematical elegance or efficiency but rather to examine whether essential components
of a complete problem solving process were present in the model’s responses.

Each solution was evaluated independently with respect to four criteria: (1) understanding of the task,
(2) solution process, (3) correctness of the result, and (4) verification as result checking. The criteria were
applied consistently across both prompting conditions.

Understanding of the task This criterion captured whether the model’s response demonstrated an appro-
priate interpretation of the task. A solution was considered to show understanding if the subsequent
reasoning addressed the relevant task conditions and goals. Misinterpretations of the task statement
or solutions addressing a different problem were coded as lacking task understanding, regardless of
the correctness of intermediate steps.

Solution process The solution process criterion focused on whether the model provided a coherent se-
quence of steps leading from the interpretation of the task to a proposed result. Solutions were
coded positively if they included a logically connected procedure or line of reasoning. Fragmented,
incomplete, or internally inconsistent solution attempts were coded negatively, even if a numerical
result was present.

Correctness of the result Correctness referred to whether the final result produced by the model was
mathematically correct with respect to the adopted interpretation of the task. This criterion was
evaluated independently of the presence or absence of explicit verification. A solution could therefore
be correct without being verified, or verified without being correct.
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Verification as result checking Verification was operationalised as the explicit checking of the obtained
result with respect to the task conditions. This included, for example, substituting the result back
into the original conditions, explicitly confirming that all constraints had been satisfied, or providing
a brief justification of why the result was valid. Implicit confidence statements or unexamined final
answers were not considered evidence of verification.

For each criterion, solutions were coded using a three-level scale (0-2), where 0 indicated absence,
1 partial or ambiguous presence, and 2 clear and explicit presence of the respective feature. The coding
scheme was applied to all solutions generated in Experiment 1 and formed the basis for the subsequent
qualitative comparison between the baseline and the Pélya-guided conditions.

3.5 Experiment 2: LLM as simulated learner

The experiment was conducted using the same model and interaction setting as in Experiment 1. All
prompts and task statements were provided in Czech, and all responses were generated in Czech.

3.5.1 Student profiles

Three student profiles were defined to reflect differences commonly observed among lower secondary
students with respect to mathematical proficiency, persistence, and attention to result checking. The
profiles were informed by typologies of student performance and typical difficulties described in the
literature, in particular by the classification of student solution types discussed by Rendl et al. (2013).

Each profile was described in a short but explicit narrative specifying typical characteristics of the
student’s approach to mathematical problem solving. The profiles were intentionally formulated in a non-
diagnostic manner and were not intended to represent real individual students. Their purpose was to
provide a didactically meaningful contrast between different types of solution attempts that teachers may
anticipate when planning instruction. The full wording of the student profile prompts, in their original
Czech form, is provided in Appendix C.

3.5.2 Procedure and task selection

From each of the four task categories described earlier, two tasks were selected, resulting in a total of
eight tasks used in Experiment 2. This selection was made to preserve task diversity while limiting the
overall number of generated solutions.

For each student profile, a separate interaction thread was initiated. At the beginning of each thread,
the model received a detailed description of the corresponding student profile. The selected tasks were
then presented sequentially within the same thread. This design was chosen to maintain consistency in
the simulated student behaviour across multiple tasks.

As in Experiment 1, no feedback was provided between tasks, and the model was not instructed to
revise or correct its solutions. In contrast to the baseline condition of Experiment 1, the prompts in
Experiment 2 explicitly framed the model’s role as that of a student rather than an independent problem
solver.

3.5.3 Evaluation criteria for Experiment 2

The generated solution attempts were analysed qualitatively with respect to role fidelity and didactic
usefulness.

Role fidelity Role fidelity referred to the extent to which the generated solution attempts were consistent
with the specified student profile across tasks. Solutions were considered to show high role fidelity if
the level of mathematical reasoning, types of errors, degree of persistence, and presence or absence
of result checking aligned with the profile description throughout the interaction thread.

Didactic usefulness Didactic usefulness captured whether the generated solution attempts could support
teachers in a priori didactic analysis. Solutions were considered didactically useful if they illustrated
typical student errors, incomplete reasoning, missing or incorrect verification steps, or partially
successful strategies that could reasonably occur in classroom practice. Such solution attempts may
help teachers anticipate critical moments in instruction, prepare targeted questions, or plan follow-
up activities. Fully polished expert-like solutions or implausible student responses were considered
less useful from a didactic perspective.

The analysis in Experiment 2 was exploratory and qualitative in nature and aimed to identify illus-
trative patterns rather than to quantify frequencies or make predictive claims.
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3.6 Trustworthiness of the design

Several design choices support the trustworthiness of the study. The experimental procedures, prompts,
and task set are documented in detail, including the original Czech wording of all prompts and tasks
(Appendices A-C). The use of the same task set across conditions in Experiment 1 enables a focused
comparison of problem solving behaviour with and without structured guidance. Finally, the explicit
evaluation criteria provide a transparent basis for the qualitative coding.

4 Results

4.1 Experiment 1: Completeness of problem solving phases and result verification
4.1.1 Overall comparison of baseline and Pdlya-guided conditions

Table 1 reports the number of tasks in which selected problem solving components were present in each
experimental condition. A component was considered present if it was coded as partially or clearly present
(codes 1 or 2).

As shown in the table, the model produced a response that included explicit task understanding,
a coherent solution process, and a final result for all tasks in both conditions. These components were
therefore present across the entire task set.

In contrast, clear differences between conditions were observed with respect to explicit result verifi-
cation. In the baseline condition, explicit verification was observed in only 7 out of 24 tasks, whereas in
the Pélya-guided condition verification was present in all 24 tasks.

Table 1: Occurrence of key problem solving components across tasks in Experiment 1 (n = 24)

Problem solving component  Baseline  Polya-guided

Explicit task understanding 24 24
Coherent solution process 24 24
Correct final result 24 24
Explicit result verification 7 24

4.1.2 \Verification across task categories in the baseline condition

Table 2 shows the occurrence of explicit result verification across different task categories in the baseline
condition. Verification was unevenly distributed across task types.

Table 2: Occurrence of explicit result verification across task categories in the baseline condition
(Experiment 1, n = 24)

Task category Tasks with verification  Total tasks
Category A: Well-structured algebraic tasks 4 6
Category B: Ill-structured word problems 1 6
Category C: Non-routine (olympiad) problems 2 6
Category D: Geometric construction tasks 0 6

Figure 1 presents these results graphically, making the contrast between the two conditions immedi-
ately visible across all task categories.

Explicit verification occurred most frequently in well-structured algebraic tasks, where it was present
in four out of six tasks. In ill-structured word problems, verification was observed only once. In non-routine
olympiad problems, explicit verification occurred in two tasks. No explicit verification was observed in
any of the geometric construction tasks.

These results indicate that, in the absence of explicit guidance, the occurrence of verification depended
on task characteristics.

In the Pdlya-guided condition, explicit result verification was present in all tasks across all task
categories.

4.1.3 lllustrative examples of verification behaviour

To provide a richer picture of the observed patterns, we present selected examples illustrating how veri-
fication was enacted or omitted across task categories.

Scientia in educatione, 17(1), 2026, p. 63-90 71 https: //doi.org/10.14712/18047106.5220


https://doi.org/10.14712/18047106.5220

Baseline Il Polya-guided

6 6 6 6
4
2
1
0

A: Algebraic B: Word problems C: Olympiad D: Construction

Number of tasks with explicit verification
S = N W ke Ot D
I

Fig. 1: Occurrence of explicit result verification across task categories in the baseline and Pélya-guided
conditions (Experiment 1, n = 6 tasks per category)

Verification present (Task A1, baseline) For the equation 3z — 7 = 2z + 5, the model produced a clean
solution with all intermediate steps and concluded with an explicit substitution check: it substituted
x = 12 back into both sides of the equation and confirmed equality. This exemplifies verification as
explicit result checking in its most straightforward form.

Verification absent (Task B1, baseline) For the word problem about a car travelling at 60 km/h for
2 hours including a break, the model correctly identified the ambiguity (the break duration is
unknown, so the distance cannot be uniquely determined) and presented alternative cases. However,
no verification was performed: the model did not check whether its proposed cases were consistent
with the problem conditions, nor did it reflect on whether additional interpretations existed.

Verification absent (Task D/, baseline) For the construction of a rhombus with given diagonals, the
model described a correct and elegant construction procedure using the perpendicular bisector.
However, no final verification was provided—the model did not check that the constructed quadri-
lateral indeed possessed all required properties of a rhombus (equal sides, perpendicular bisecting
diagonals).

Verification present (Task D4, Pdlya-guided) The same task, when solved under the Pdlya-guided condi-
tion, included an explicit verification step. After completing the construction, the model confirmed
that the diagonals bisect each other perpendicularly and that all four resulting right triangles are
congruent, thereby establishing that the figure is indeed a rhombus.

Detailed task-level coding results and qualitative notes supporting the evaluation for both experimen-
tal conditions are provided in Appendices D and E.

4.2 Experiment 2: Simulation of student solution profiles

Experiment 2 examined whether the large language model could generate solution attempts that plausibly
correspond to different lower secondary student profiles and whether such solutions are didactically useful.
The evaluation did not focus on mathematical correctness but on (a) alignment with the intended student
profile and (b) didactic usefulness of the generated solutions.

Three student profiles were considered: a diligent but low-achieving student, a mathematically able but
unmotivated student, and a student with neither strong ability nor motivation. For each profile, a subset
of eight tasks was analysed. Figures 2—4 summarise the results for the three profiles using a three-level
scale (0-2). Values of 0, 1, and 2 indicate low, partial, and high presence of the respective criterion (role
alignment or didactic usefulness).

Across the three profiles, the generated solution attempts differed in both role alignment and didactic
usefulness. Figures 2—4 present these results graphically. In routine lower secondary tasks from categories
A and B, the model often produced solution attempts that matched the intended profiles and contained
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Fig. 2: Experiment 2 — Diligent but low-achieving student: role alignment and didactic usefulness across tasks
(02 scale). The dashed line separates routine tasks (Categories A, B) from non-routine and construction tasks
(Categories C, D)
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Fig. 3: Experiment 2 — Able but unmotivated student: role alignment and didactic usefulness across tasks
(02 scale). The dashed line separates routine tasks from non-routine and construction tasks
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Fig. 4: Experiment 2 — Struggling student: role alignment and didactic usefulness across tasks (0-2 scale).
Unlike the other two profiles, both criteria remain at the maximum level across all tasks, including non-routine
and construction tasks
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plausible student-like errors or omissions. Such errors were treated as didactically valuable, as they can
serve as material for a priori analysis (e.g., anticipating typical pitfalls and planning teacher prompts).

However, the results also show clear limits of the simulation approach. For the diligent but low-
achieving profile, role alignment deteriorated in several non-routine and construction tasks (categories C
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and D), where the model sometimes produced solutions that were too advanced or too systematically
argued to be plausible for the intended student type. A similar tendency was observed for the able-but-
unmotivated profile in the most demanding tasks, although some responses still reflected the intended
profile through shortcuts, missing checks, or inconsistent reasoning.

In contrast, the struggling student profile showed consistently high role alignment across all selected
tasks, with both criteria reaching the maximum score of 2 for every task including the non-routine and
construction categories. The corresponding solution attempts frequently included incomplete reasoning,
breakdowns in procedure, or missing result checking, which were considered didactically useful as rep-
resentations of typical difficulties that teachers may encounter. This uniform pattern stands in marked
contrast to the other two profiles and confirms that the model more reliably simulates lower levels of
performance than higher-but-constrained levels.

Detailed qualitative analyses of individual solution attempts for all three profiles are provided in
Appendix F.

4.2.1 Qualitative illustrations of role alignment and didactic usefulness

The following vignettes illustrate both successful and unsuccessful student simulations across profiles and
task types.

Successful simulation—diligent but low-achieving student, Task A4 The model produced a solution at-
tempt in which the student correctly identified a common denominator but made a typical sign
error when removing parentheses (failing to distribute the minus sign). The condition z # 1 was
omitted entirely. The language was diligent but mechanical, consistent with the profile. This type of
error—a minus sign in front of parentheses—is a well-documented difficulty at the lower secondary
level, making this output directly useful for a priori analysis.

Successful simulation—able but unmotivated student, Task B2 The model simulated a student who qu-
ickly added the two discounts (20% + 10% = 30%) and treated the discounted price as 70% of the
original, ignoring the fact that percentage discounts are applied sequentially and multiplicatively.
The resulting answer was incorrect, but the error pattern—additive composition of percentages—is
a frequent and well-documented student misconception. The output clearly matched the intended
profile (fast, intuitive, no verification) and provided useful diagnostic material.

Failed simulation—diligent but low-achieving student, Task C1 For this olympiad problem requiring pri-
me factorisation and comparison of exponents, the model produced a systematic, complete, and
error-free solution that would be unrealistic even for mathematically gifted ninth-grade students, let
alone for the intended profile of a diligent but untalented student. The solution employed parametri-
sations and systematic minimisation procedures characteristic of university-level work. This output
entirely missed the intended student profile and offered no didactic value for anticipating the diffi-
culties of the targeted student type.

Consistently successful—struggling student, all tasks The struggling student profile showed the highest
role alignment across all tasks. For Task D4 (rhombus construction), the model produced a super-
ficial attempt without analysis or verification, with a key error of confusing the diagonal’s length
with its half. For Task C1 (olympiad problem), the model responded with a simple numerical sub-
stitution attempt followed by resignation. These outputs plausibly represent the kinds of difficulties
teachers encounter with struggling students and can support anticipatory planning.

5 Discussion

The present study examined the didactic potential of a large language model for analysing mathematical
problem solving processes and supporting a priori didactic analysis in lower secondary mathematics
education. The focus was deliberately not on mathematical performance or optimisation, but exclusively
on the structure, completeness, and didactic relevance of generated solution attempts.

The present findings are consistent with previous studies emphasising the supportive yet limited role
of LLMs in mathematics education. Similar to the observations of Pepin et al. (2025), our results suggest
that LLMs can assist with instructional planning and reflection. In line with Kasneci et al. (2023), the
study also reinforces concerns that uncritical reliance on Al-generated solutions may reduce engagement
in verification and deeper mathematical reasoning.
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5.1 \Verification as a fragile phase of problem solving

Results from Experiment 1 show that explicit result verification represents a particularly fragile phase
of the problem solving process. In the baseline condition, verification was frequently omitted despite the
presence of correct interpretations, coherent solution procedures, and correct final results. This finding
is consistent with long-standing observations in mathematics education that students often stop once
a result is obtained and do not spontaneously engage in checking or reflection (Kontorovich, 2019).

The absence of verification was not evenly distributed across task types. It occurred most frequently
in ill-structured word problems and geometric construction tasks, where correctness cannot be reduced
to a single numerical outcome. These task types require solvers to reflect on assumptions, constraints,
and the adequacy of the chosen interpretation. The results suggest that, without explicit prompting,
even a highly capable language model tends to prioritise producing a plausible solution over critically
examining its validity.

When guided by a structured Pdlya-inspired framework, explicit verification was present in all tasks
across all categories. We acknowledge that this finding may appear predictable: if the prompt explicitly
requests verification, it is not surprising that the model produces it. However, the empirical demonstration
of this contrast is valuable for two reasons. First, it quantifies the gap between prompted and unprompted
conditions across different task types, which has not been documented for lower secondary mathematics
tasks in Czech. Second, it has direct practical implications for teachers: structured prompting is not merely
a theoretical recommendation but a necessary condition for obtaining didactically complete outputs.

This sensitivity to prompting is consistent with recent findings on how users elicit higher-quality
reasoning from LLMs. Urban et al. (2025) report that successful users of ChatGPT often include ex-
plicit evaluation criteria in their prompts. Our results suggest a similar mechanism: the Pdlya-inspired
prompt did not change the model’s mathematical ability, but it consistently elicited verification, which
was frequently missing in the baseline condition. This indicates that structured prompting can serve as
a practical scaffolding tool for activating checking behaviour.

5.2 LLMs as tools for analysing problem solving processes

The findings of Experiment 1 suggest that large language models can be used as analytical tools for
examining problem solving processes. The baseline condition revealed a systematic pattern: the model
consistently prioritised procedural completion over explicit reflection or result checking. As the illustrative
examples in Section 4.1.3 show, even when the model identified ambiguity (as in Task B1) or produced
elegant constructions (as in Task D4), it did not spontaneously engage in verification.

At the same time, the results underscore the importance of prompt design. Structured prompts did not
merely change the form of the output but fundamentally altered the completeness of the problem solving
process. This sensitivity to prompting highlights both the potential and the limitation of LLMs: they can
support didactic analysis, but they do not autonomously prioritise pedagogically desirable behaviours
such as verification or reflection.

5.3 Simulating student thinking: Didactic potential and limits

Results from Experiment 2 show that, for routine and moderately demanding tasks (Categories A and B),
the model often produced profile-consistent solution attempts containing plausible student-like errors. The
diligent student’s sign error in Task A4, the gifted student’s additive percentage misconception in Task B2,
and the struggling student’s procedural breakdown in Task B6 all represent documented patterns that
teachers may encounter in classroom practice. From a didactic perspective, such imperfect solutions are
valuable because they make typical breakdowns in problem solving processes visible and can therefore
serve as concrete material for anticipatory instructional planning.

This aligns with research on LLM-based simulated learners, which suggests that simulated student
responses can support practice-based work with student errors and misconceptions (Zhuang & Zhang,
2025). The present study extends this perspective by showing that the plausibility of such simulations is
strongly task-dependent.

However, the results also demonstrate clear limits. For non-routine and construction tasks, the model
frequently produced solutions that were too advanced for the intended profiles. This was most striking
for the diligent but low-achieving profile: in Tasks C1 and D2, the model generated solutions at a level of
sophistication that would be unrealistic even for mathematically gifted students (see Section 4.2.1). This
deterioration of role fidelity occurred precisely in the task categories where anticipatory teacher knowledge
is most needed, consistent with the finding of McGalliard and Otten (2025) that AI performance patterns
differ between routine and non-routine problems.
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The struggling student profile was the exception: it showed consistently high role alignment across
all tasks, suggesting that the model more reliably simulates lower levels of performance than higher-but-
constrained levels. This asymmetry has practical implications for the use of LLM-generated solutions in
a priori analysis.

These findings are consistent with broader limitations identified in the literature. Zhuang and Zhang
(2025) observe that simulated learners often adapt unrealistically quickly to instructional input and
may respond in a compliant and passive manner, without the hesitation, partial attempts, or follow-
up questions that characterise genuine student behaviour. Such limitations restrict the extent to which
LLM-based simulations can approximate the dialogical dynamics of classroom diagnosis.

Role fidelity is also a matter of linguistic register. Even when instructed to adopt the voice of a lower
secondary student, LLMs may produce language that is overly formal or “teacher-like” (Zhuang & Zhang,
2025). Pando and Ledn (2025) similarly found that achieving age-appropriate language required iterative
prompting with explicit output constraints, rather than role prompts alone. This is consistent with our
observation that simulated profiles sometimes drifted toward expert-like discourse.

More broadly, LLM-generated responses may exhibit what Guerra et al. (2025) term an illusion of
understanding: outputs that appear coherent while lacking deeper conceptual grounding. In the context
of student simulation, this may lead to overestimating the cognitive realism of generated solutions. One
contributing factor is that student profiles are specified only narratively, leaving room for the model to
improvise competence. Zhang et al. (2025) suggest that structured representations of learner proficiency
(e.g., a “Skill-Tree”) can help constrain such drift, which may be a promising direction for improving
simulation fidelity in non-routine tasks.

Finally, logical inconsistency across tasks remains a concern. In our data, the diligent but low-achieving
profile alternated between elementary errors in routine tasks and unexpectedly sophisticated reasoning
in olympiad problems (compare Tasks A4 and C1 in Figure 2). While some degree of inconsistency may
resemble authentic student behaviour, the abrupt shifts observed here exceeded what would be plausible
for a single student and require cautious interpretation by the teacher.

5.4 Implications for a prior: didactic analysis

Taken together, the results of both experiments suggest a specific and circumscribed didactic role for large
language models in mathematics education: supporting a priori didactic analysis by making potential
solution paths, typical errors, and missing problem solving phases visible before instruction. In this role,
the value of LLM-generated solutions lies not in their correctness or realism, but in their capacity to
stimulate teachers’ anticipatory thinking.

Building on research showing that error anticipation can be developed through practice (Stannard
& Foster, 2025), the present findings suggest that LLM-generated solutions may serve as a readily available
source of varied examples for such anticipatory work. In this sense, LLMs can reduce the initial time
and effort required to generate and compare alternative student-like solution attempts during lesson
preparation. At the same time, the limitations of simulation highlight the need for critical Al literacy:
teachers should treat Al-generated outputs as prompts for professional judgement rather than as proxies
for real student thinking.

The present findings further underscore the instructional importance of explicit result verification. If
even a language model with strong procedural capabilities omits verification unless explicitly prompted,
this reinforces the need to foreground result checking as an explicit instructional goal, particularly in
ill-structured and open-ended tasks (Schoenfeld, 1985).

These implications also reinforce the importance of critical Al literacy among teachers. In their sys-
tematic review of ChatGPT in school mathematics education, Turmuzi et al. (2026) emphasise that AI
integration requires teachers to remain the primary facilitators who critically evaluate and contextualise
AT outputs. Our results provide a concrete illustration of why this is necessary: the model not only
drifted into unrealistic student simulations in cognitively demanding tasks (e.g., producing expert-like
constructions for a low-achieving profile), but also tended to omit explicit result verification unless it was
systematically prompted. Uncritical adoption of such outputs could therefore lead teachers to anticipate
incorrect difficulties, overlook missing checking behaviour, and design misguided instructional responses.
Consequently, LLM-generated solution attempts should be treated as reflective artefacts for professional
judgement rather than as reliable proxies for authentic student thinking.

6 Methodological limitations

The present study was designed as a qualitative demonstration study, and its findings should be inter-
preted with this scope in mind. The aim was not to establish generalisable claims about the performance
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of large language models but to provide a transparent and analytically grounded examination of their
problem solving behaviour under specific conditions relevant to mathematics education.

Several limitations of the design need to be acknowledged. First, the experiments were conducted
using a single large language model and a single model version. The observed behaviour may therefore
reflect characteristics of this particular model rather than properties shared by all contemporary LLMs.

Second, all interactions were conducted in Czech, which represents a less-resourced language in the
training data of most LLMs. Language-related factors may thus have influenced the completeness and
structure of the generated solutions.

Third, the analysis relied on qualitative coding performed by the authors. While explicit evaluation
criteria were used to support consistency, no claims are made regarding inter-rater reliability. The purpose
of the analysis was exploratory and illustrative rather than statistical. Similarly, the student profiles used
in Experiment 2 were intentionally simplified and do not correspond to diagnostic categories or individual
learners.

Fourth, the empirical basis consists of outputs from a single model and a limited number of gener-
ated responses. While LLM outputs could in principle be produced in larger quantities, the qualitative
demonstration design required detailed multi-criteria analysis of each solution, which limited the feasible
sample size. Additionally, simulations conducted through text-only interfaces necessarily omit non-verbal
and multimodal information that teachers routinely use when interpreting student difficulties (Guerra et
al., 2025).

Fifth, the development of Al technologies is extremely rapid, and the findings reflect the behaviour of
a specific model version (Gemini 2.5 Pro, September 2025). Future model updates may alter the observed
patterns. However, the methodological framework and evaluation criteria developed in this study remain
applicable to future models, which is one of the intended contributions of the paper.

7 Future research

Future research could extend this work by systematically comparing different models and languages, in-
volving independent coders, and examining how teachers interpret and use LLM-generated solutions in
authentic lesson planning contexts. Multi-model comparative studies using larger samples with stream-
lined coding procedures would help establish the generalisability of the observed patterns. A particularly
important direction is the development of multimodal and interactionally richer simulated learners that
better approximate classroom diagnosis beyond text-only outputs. Future work could also explore whether
structured learner models (e.g., Skill-Tree representations) improve the stability of student simulations,
particularly in non-routine and construction tasks. Another promising direction is to test iterative prompt-
ing strategies that explicitly constrain linguistic register and mathematical tool use to match a targeted
age group.

8 Conclusion

This study explored the didactic potential of a large language model as a tool for analysing mathematical
problem solving processes and supporting a priori didactic analysis in lower secondary mathematics
education. The focus was deliberately placed on the structure and completeness of solution processes and
on their didactic relevance, rather than on mathematical performance or optimisation.

Experiment 1 showed that explicit result verification represents a fragile phase of problem solving that
is often omitted unless it is explicitly prompted. The contrast between the baseline and the Pdlya-guided
conditions suggests that the absence of verification should not be interpreted as a lack of capability but
rather as a tendency not to activate this phase spontaneously. From a didactic perspective, this finding
reinforces the importance of explicitly foregrounding verification and reflection in instructional design,
particularly in ill-structured tasks and construction problems.

Experiment 2 demonstrated that a large language model can generate solution attempts that plausibly
reflect certain student-like behaviours, including typical errors, omissions, and incomplete strategies. At
the same time, clear limits emerged. For non-routine and olympiad-type problems, the model tended to
produce highly sophisticated or expert-level solutions even when prompted to simulate an average or low-
achieving student. As a result, profile alignment deteriorated precisely in tasks where anticipatory teacher
knowledge is most needed. These findings suggest that LLM-based student simulation is strongly task-
sensitive: it can support anticipatory work for routine tasks, but its use for mathematically demanding
problems requires particular caution.

Overall, the study suggests that large language models may serve as reflective tools for didactic
analysis when used critically and transparently. Their value lies not in replacing teacher expertise or
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evaluating student performance, but in making aspects of problem solving visible and open to reflection.
Further research is needed to examine how such tools can be integrated into instructional planning in
a responsible and pedagogically meaningful way.
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Appendix A: Pélya-inspired structured prompt (original Czech
wording)

This appendix provides the original Czech wording of the structured prompt used in Experiment 1 to
guide the model’s problem solving process according to a Pdlya-inspired framework.
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Pfedlozim ti 24 matematickjch Gloh. Po celou dobu se ¥id tim, Ze FYeSeni ma mit C&tyfi
casti:
1) Porozuméni zadani: uved, co je neznamé, jakad jsou data a podminky, a jaké
predpoklady je nutné pfijmout.
2) Plan: navrhni jasnou strategii FfeSeni a kratce vysvétli, pro¢ je vhodna.
3) Provedeni: kroky o&isluj; vyhjbej se skoktm; dbej na ekvivalentni dpravy.

4) Pohled zpét: proved zkouSku vysledku nebo alternativni kontrolu; u konstruk&nich
tloh ovér, pro¢ postup splfiuje pozadované vlastnosti.

ReSeni vzdy napis v CeZtin&. DrZz se t&chto &tyf &asti u kaZdé tlohy, bez ohledu na
jeji typ. Nepridavej jiné nadpisy ani vysvétleni, pouze jednotlivé casti v uvedeném
poradi.

English translation:

I will present you with 24 mathematical tasks. Throughout the entire session, follow
the rule that each solution must consist of four parts:

1) Understanding the problem: state what is unknown, what data and conditions are
given, and what assumptions need to be made.

2) Plan: propose a clear solution strategy and briefly explain why it is
appropriate.

3) Execution: number the steps; avoid jumps; ensure equivalent transformations.

4) Looking back: verify the result or perform an alternative check; for construction
tasks, verify why the procedure satisfies the required properties.

Always write the solution in Czech. Follow these four parts for every task,
regardless of its type. Do not add any other headings or explanations, only the
individual parts in the order given.

Appendix B: Task set

This appendix provides the full wording of all 24 mathematical tasks used in the study, in their original
Czech form.

B.1
Al
A2
A3

A4
A5
A6

B.2
B1
B2

B3

B4

B5
B6

Category 1: Well-structured algebraic tasks
Vyftes rovnici 3x — 7 = 2z + 5.
Vyfies soustavu 22 +3y =7; —z +y = 4.
Vyftes rovnici 22 — 5z + 6 = 0.

r+2 x—3
z—1 2

Zjednodus vyraz

Vyftes nerovnici —2(3 — z) > 4z — 10.
Vyfes rovnici vz +5 =z — 1.

Category 2: lll-structured word problems
Auto jelo rychlosti 60 km/h celkem 2 hodiny v¢etné pfestavky. Kolik kilometri ujelo?

Na vyvésce je: ,,Sleva 20 % — nyni 1600 K¢é.“ Na ctence je navic polozka ,,vérnostni sleva 10 %*.
Jaka mohla byt pavodni cena?

Smichidme roztok s 10% koncentraci a roztok s 26% koncentraci a vznikne 500 ml roztoku s 18%
koncentraci. Kolik je v ném z kazdého?

Skolni vilet se ma uskutecnit autobusem. Autobus ma 50 mist, ale neni jisté, kolik uditelt pojede.
Vime jen, Ze celkovy pocet ucastniki je 46 zakt a nékolik ucitelt. Cena prondjmu autobusu je
9000 K¢. Navrhni dvé rozumné interpretace, jak se miize cena rozpocitat mezi acastniky.

Valcova nddrz mé primeér cca 3,2 m a vysku 2,5 m. Kolik vody pojme?

Dvé Cerpadla naplni nadrz spoleéné za 6 h. Prvni cerpadlo samo by to zvladlo asi dvojnasobné
dlouho. Ur¢i ¢asy obou ¢erpadel.
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B.3 Category 3: Olympiad problems
These tasks originate from publicly accessible materials intended for educational use.
C1 Najdéte nejmensi kladn4 celd ¢isla a a b, pro ktera plati 7a® = 11b°.
(MO 72nd year, Z9-1-4; 2022a)

C2 Jana si vymyslela 2022mistné ¢islo a jeho ciferny soucet poseptala Petrovi. Petr vypocital ciferny
soucet ¢isla, které mu sdélila Jana, a vysledek poseptal Zuzce. Zuzka téz vypocitala ciferny soucet
Cisla, které dostala od Petra, a vysledek, jimz bylo dvojmistné ¢islo, poseptala Adamovi. Adam
provedl totéz s ¢islem od Zuzky a vySel mu ciferny soucet 1. Ktera ¢isla mohl Septat Petr Zuzce?
Urcete vSechny moznosti.

(MO T1st year, Z9-1-2; 2021)

C3 Najdéte vSechna dvojmistna prirozend cisla, kterd maji nésledujici vlastnost: Kdyz pred c¢islo
pripiSeme soucin jeho prvni ¢islice a jeho prvni ¢islice zvétSené o 1, dostaneme druhou mocninu
puvodniho disla.

(MO 74th year, Z9-II-1; 2024a)

C4 Najdéte vSechna ¢tyfmistna Cisla, kterd maji presné pét Ctyimistnych a presné devét jednomistnych
délitelt.
(MO 72nd year, Z9-11-1; 2022b)

C5 Je dan bod B a rovnostranny trojuhelnik se stranami délky 1 cm. Vzdalenosti bodu B od dvou
vrchold tohoto trojuhelniku jsou 2 cm a 3 cm. Vypocitejte vzdalenost bodu B od tfetiho vrcholu
trojuhelniku.

(MO 72nd year, Z9-111-2; 2022c)

C6 Najdéte vSechny dvojice prirozenych c¢isel a a b, pro které plati

Ta+4b+T74=a-b.

(MO 74th year, Z9-II1-3; 2024Db)

B.4 Category 4: Geometric construction tasks
D1 Sestrojte trojuhelnik ABC, jestlize b = |AC|, ¢ = |AB| a vyska v, na stranu a = |BC|.

D2 Sestrojte trojuhelnik ABC, je-li dana strana a = |BC|, vnitini thel 8 = ZABC a té&znice ¢,
na stranu b = |AC|.

D3 Sestrojte vSechny tecny z bodu P ke kruznici k(S,r) a body dotyku oznacte Ty, Ts.
D4 Sestrojte kosoétverec ABCD, jehoz Ghlopticky maji délky |[AC| =e a |[BD| = f.
D5 Sestrojte lichobéznik ABC' D, mé-li zdkladny |AB| = a, |CD| = ¢, rameno |AD| = d a vysku v.

D6 Sestrojte pravidelny Sestitthelnik A; As A3 A4 A5 Ag vepsany do kruznice k(S,r).

English translation:

B.5 Category 1: Well-structured algebraic tasks
A1l Solve the equation 3z — 7 = 2x + 5.
A2 Solve the system 2z + 3y =7; —x +y =4.

A3 Solve the equation 22 — 52 + 6 = 0.
+2 -3

A4 Simplify the expression z
z—1 2

A5 Solve the inequality —2(3 — z) > 42 — 10.
A6 Solve the equation v/x +5 =z — 1.
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B.6
B1

B2

B3

B4

B5

B6

B.7
C1

C2

C3

C4

Ch

C6

B.8
D1
D2

D3
D4
D5
D6

Category 2: lll-structured word problems

A car travelled at a speed of 60 km/h for a total of 2 hours including a break. How many kilometres
did it cover?

A sign reads: “20% off — now 1600 K&.” The receipt also shows an item “loyalty discount 10%”.
What could the original price have been?

A solution with 10% concentration is mixed with a solution with 26% concentration to produce
500 ml of a solution with 18% concentration. How much of each is in the mixture?

A school trip is to be taken by bus. The bus has 50 seats, but it is not certain how many teachers
will go. We only know that the total number of participants is 46 students and several teachers.
The bus rental costs 9,000 CZK. Propose two reasonable interpretations of how the cost could be
divided among the participants.

A cylindrical tank has a diameter of approximately 3.2 m and a height of 2.5 m. How much water
can it hold?

Two pumps fill a tank together in 6 hours. The first pump alone would take approximately twice
as long. Determine the times for both pumps.

Category 3: Olympiad problems

Find the smallest positive integers a and b such that 7a® = 115° .

(MO 72nd year, Z9-1-4; 2022a)

Jana invented a 2022-digit number and whispered its digit sum to Petr. Petr calculated the digit
sum of the number Jana told him and whispered the result to Zuzka. Zuzka also calculated the
digit sum of the number she received from Petr, and the result, which was a two-digit number, she

whispered to Adam. Adam did the same with Zuzka’s number and obtained a digit sum of 1. Which
numbers could Petr have whispered to Zuzka? Determine all possibilities.

(MO T71st year, Z9-1-2; 2021)

Find all two-digit natural numbers with the following property: When the product of its first digit
and its first digit increased by 1 is written in front of the number, the result is the square of the
original number.

(MO 74th year, Z9-1I-1; 2024a)

Find all four-digit numbers that have exactly five four-digit divisors and exactly nine one-digit
divisors.

(MO 72nd year, Z9-11-1; 2022b)

A point B and an equilateral triangle with sides of length 1 cm are given. The distances from
point B to two vertices of this triangle are 2 cm and 3 cm. Calculate the distance from point B to
the third vertex of the triangle.

(MO 72nd year, Z9-111-2; 2022c)
Find all pairs of natural numbers a and b for which

Ta+4b+T74=a-b.
(MO 74th year, Z9-II1-3; 2024Db)

Category 4: Geometric construction tasks
Construct triangle ABC, given b = |AC|, ¢ = |AB| and the altitude v, to side a = |BC|.

Construct triangle ABC' given side a = |BC|, interior angle § = ZABC and the median ¢, to side
b=|AC|.

Construct all tangent lines from point P to the circle k(S, r) and label the points of tangency 17, Ts.
Construct a thombus ABC'D whose diagonals have lengths |AC| = e and |[BD| = f.

Construct a trapezoid ABCD given bases |[AB| = a, |[CD| = ¢, leg |AD| = d and altitude v.
Construct a regular hexagon A; Ay A3 Ag4A5 A inscribed in the circle k(S, 7).
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Appendix C: Student profile prompts (original Czech wording)

This appendix provides the original Czech wording of the prompts used in Experiment 2 to specify the
simulated student profiles.

C.1 Profile A: Diligent But Untalented Student

Predlozim ti 8 matematickjch dloh. Po celou dobu se drZ role 15letého zaka 9. tridy,
ktery pracuje pilné, ale Cisté rutinné. M& snahu, ale nemad nadani. Opird se o naucené
postupy, bez hlubSiho porozuméni. PiS§ 2--4 véty ,premySlim nahlas" a pak FfeSeni krok
za krokem. Pokud se ti omylem povede zajimavy ndpad, zahod ho a vrat se k mechanice.
Typické chyby, které udrzuj: chybéjici znaménko, nevhodné kraceni zlomkd, opomenuti
podminek, prehazovani ¢&lent rovnice bez vysvétleni. Bude nadsledovat 8 tGloh jedna po
druhé.

English translation:

I will present you with 8 mathematical tasks. Throughout the entire session, stay in
the role of a 15-year-old 9th-grade student who works diligently but in a purely
routine manner. This student tries hard but lacks talent. They rely on memorised
procedures without deeper understanding. Write 2--4 sentences of ‘‘thinking aloud’’
and then solve step by step. If you accidentally come up with an interesting idea,
discard it and return to mechanical work. Typical errors to maintain: missing sign,
inappropriate cancellation of fractions, overlooking conditions, rearranging equation
terms without explanation. 8 tasks will follow one after another.

C.2 Profile B: Gifted But Lazy Student

Predlozim ti 8 matematickjch dloh. Po celou dobu se drZ role 15letého zaka 9. tridy,
kterj reSi dlohy podle prvniho ndpadu. M& nadani, ale nema snahu. Rozhoduje se
rychle, spoléha na intuici a analogie. Pi§ 2--4 véty ,premySlim nahlas", pak FfeSeni
krok za krokem tak, jak by ho Zak feSil. Nepfidavej pfesné dikazy ani podrobné
vypo¢ty navic. Typické chyby, které udrzuj: chybé&jici kontrola vysledku, ukvapené
dosazeni, analogie ,jako minule" i tam, kde neplati, odhady ,od oka" vedouci

k nespravnému vysledku. Bude nasledovat 8 uloh jedna po druhé.

English translation:

I will present you with 8 mathematical tasks. Throughout the entire session, stay in
the role of a 15-year-old 9th-grade student who solves tasks based on their first
idea. This student has talent but lacks effort. They decide quickly, relying on
intuition and analogies. Write 2--4 sentences of ,thinking aloud", then solve step by
step as the student would. Do not add precise proofs or detailed extra calculations.
Typical errors to maintain: missing result verification, hasty substitution, ,same as
last time" analogies applied where they do not hold, rough estimates leading to
incorrect results. 8 tasks will follow one after another.

C.3 Profile C: Unmotivated Struggling Student

Predlozim ti 8 matematickjch dloh. Po celou dobu se drZ role 15letého zaka 9. tridy,
kterj ma dlouhodobé potiZe v matematice. Nemd ukotvené zdklady z predchozich tfid,
nemd nadani ani snahu. Pi§ 2--4 véty ,pfemySlim nahlas", pak strucnjy pokus o feSeni.
ReSeni nemusis vzdy dokon&it. Typické chyby, které udrZuj: nepochopeni zadani,
vynechani udaj, pferuSeni vypoltu, zaména zakladnich postupid (zlomky, desetinna
¢isla), chybné po¥adi krokd u konstrukci. Pokud se ti poda¥i zal&it spravné, projevi
se nejistota a nepokracujeS spravné. Bude nasledovat 8 uloh jedna po druhé.

English translation:

I will present you with 8 mathematical tasks. Throughout the entire session, stay in
the role of a 15-year-old 9th-grade student who has long-term difficulties in
mathematics. This student lacks solid foundations from previous grades and has
neither talent nor effort. Write 2--4 sentences of ,thinking aloud", then a brief
attempt at a solution. You do not always need to finish the solution. Typical errors
to maintain: misunderstanding the problem statement, omitting data, interrupting the
computation, confusing basic procedures (fractions, decimals), incorrect order of
steps in constructions. If you manage to start correctly, show uncertainty and do not
continue correctly. 8 tasks will follow one after another.
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Appendix D: Detailed task-level coding for Experiment 1

Detailed task-level coding results for Experiment 1 are reported in Table 3 (baseline condition) and
Table 4 (Pélya-guided condition).

Table 3: Detailed task-level coding for Experiment 1 (baseline condition; 0-2 scale)

Task  Correctness  Task understanding  Solution process  Result verification  Total score
Al 2 2 2 2
A2
A3
A4
A5
A6
B1
B2
B3
B4
B5
B6
C1
C2
C3
C4
Ch
C6
D1
D2
D3
D4
D5
D6

NN DN DNDNDNDDNDNDDNDNDNDNDNDNDNNDNNDNDDNDNNN
NN DN DNDNDNDDNDNDNDDNDNDNDNDNDNNDNNDDNDDNDNNN
BN DN DNDNDNDDNDNDNDNDNDNIDNDNDNNDNNDNDDNDNNN
SO OO OO0 OCONNOO INODOOOOINOO N
(=2 er oo e 2= INe Jie T o> o] o s e erBlo)Ble) Rl o] o R erREe LN N0 o0 ]

Table 4: Detailed task-level coding for Experiment 1 (Pélya-guided condition; 0-2 scale)

Task  Correctness  Task understanding  Solution process  Result verification  Total score

Al 2 2 2 2 8
A2 2 2 2 2 8
A3 2 2 2 2 8
A4 2 2 2 2 8
A5 2 2 2 2 8
A6 2 2 2 2 8
B1 2 2 2 2 8
B2 2 2 2 2 8
B3 2 2 2 2 8
B4 2 2 2 2 8
B5 2 2 2 2 8
B6 2 2 2 2 8
C1 2 2 2 2 8
C2 2 2 2 2 8
C3 2 2 2 2 8
C4 2 2 2 2 8
Ch 2 2 2 2 8
C6 2 2 2 2 8
D1 2 2 2 2 8
D2 2 2 2 2 8
D3 2 2 2 2 8
D4 2 2 2 2 8
D5 2 2 2 2 8
D6 2 2 2 2 8

Scientia in educatione, 17(1), 2026, p. 63-90 84 https: //doi.org/10.14712/18047106.5220


https://doi.org/10.14712/18047106.5220

Appendix E: Qualitative notes supporting the coding decisions in
Experiment 1
This appendix provides brief qualitative notes supporting the coding decisions for both the baseline and

the Pdlya-guided conditions in Experiment 1. The notes complement the quantitative coding reported in
Appendix D by illustrating how the criteria were applied across individual tasks (Table 5 and Table 6).

Table 5: Comments on problems — Experiment 1 (baseline condition)

Problem  Comment

Al An exemplary, clean solution including all steps and a verification; an ideal answer for the basic
equation.

A2 The solution is not only correct but also didactically exemplary—using a clear substitution method,
verifying the result, and providing sound justification throughout.

A3 A very high-quality answer that clearly presents two different algorithms; for completeness, it would
suffice to conclude with a standard check by substitution.

A4 The procedure is very well explained and the result is correct, but verification is entirely missing —
the solver merely states the result without demonstrating any check.

A5 The procedure is correct and clearly presented, but an elementary verification is missing.

A6 A very careful solution with clearly stated conditions and verification of the extraneous root.

B1 The answer correctly emphasizes that the problem cannot be solved uniquely and presents
alternative cases; however, verification is entirely missing.

B2 The ambiguity is correctly identified and the alternative cases are described clearly; however, a final
retrospective check, including verification and a precise specification of the conditions, is missing.

B3 The problem is solved using two methods and both yield the same result, but an explicit check by
substitution back into the original problem is missing.

B4 Two meaningful interpretations with a clearly presented computation; however, a final verification
and a clear final statement of the conditions are missing.

B5 A clear and correctly executed computation, but verification or a backward check of the result is
missing.

B6 A very clean and complete solution with a clear verification that confirms the result.

C1 Elegant use of prime factorization and comparison of exponents, but a final verification that the
original equation is indeed satisfied after substituting the obtained values is missing.

C2 The solution is logically structured and leads to the correct possibilities, but a final check by
substitution back through the entire chain of the problem is missing.

C3 A clear and well-structured solution, concluded with a clear verification that confirms the validity of
the result.

C4 A systematic solution with verification of all candidates, leading to a clearly justified and verified
conclusion.

Ch A clever observation involving collinearity and a clean completion using the law of cosines; however,
no separate verification is provided.

C6 A very nicely executed factorization into a product and a systematic search for all pairs; however,

a final check by substitution back into the original equation is missing.

D1 The construction is described clearly and correctly, but a final retrospective check is missing—namely,
verification that a triangle with the required properties has indeed been constructed.

D2 The construction is described convincingly and with attention to possible variants, but a final
verification that the constructed triangle indeed satisfies all given conditions is missing.

D3 The construction is described clearly and supplemented by a case analysis based on the position of
the point, but a backward check that the resulting segments indeed satisfy the tangency condition is
missing.

D4 The solution is correct and elegant, but a final verification that the constructed quadrilateral indeed
has all the properties of a rhombus is missing.

D5 The construction is described clearly and includes a discussion of the number of solutions, but a final
verification that a trapezoid with all the given parameters has indeed been constructed is missing.

D6 The procedure is clear and didactically sound, but a final verification that the resulting hexagon is

truly regular is missing (for example, by checking equality of sides or angles).
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Table 6: Comments on problems — Experiment 1 (Pélya-guided condition)

Problem  Comment

Al Model solution following the four-phase framework exactly; clear, logical, and concluded with
a thorough final check.

A2 Worked out in an exemplary manner according to the four phases, with a clear plan, clean
computation, and a thorough verification.

A3 Precisely developed solution with a well-explained plan, clear computation, and additionally a double
verification of the result (by substitution and by Viéte’s relations).

A4 Very carefully developed solution with clear justification of the conditions and an exemplary
verification using a specific numerical value.

A5 The problem is solved cleanly and systematically, including a thorough check using values both
inside and outside the interval.

A6 The solution is very careful: the conditions are correctly established, the quadratic equation is solved,
and the check reveals an extraneous root. An exemplary four-step procedure.

B1 The problem is solved systematically, with clear explanation and exemplary verification using specific
values.

B2 Both interpretations are presented clearly, with a transparent plan and verification; clean and
complete.

B3 The problem is solved cleanly and systematically, including a thorough check of both conditions.

B4 Two reasonable variants with a clear plan and verification, concisely and practically concluded.

B5 Clearly structured computation with verification by estimation; the result is well justified.

B6 Exemplarily formulated joint-work problem, with a clear system of equations and careful verification.

C1 Elegant use of prime factorization, clear selection of the smallest exponents, and correct verification.

C2 Very well-guided backward reasoning, a complete enumeration of possibilities, and a clear consistency
check.

C3 Clear algebraic formulation, systematic exploration of the possibilities, and a clear verification; the
solution is complete.

C4 Logical narrowing using the least common multiple and an interval, with correct verification of both
conditions; the solution is unambiguous.

C5 Collinearity is correctly identified and the result obtained; verification is performed.

C6 Clean completion to a product, a complete enumeration of divisors, and a brief verification; the
solution is complete.

D1 The solution is correct; the existence conditions and the number of solutions are discussed clearly.

D2 Clearly guided plan, correct determination of the center and the median, clear verification, and
discussion of the number of solutions.

D3 Clean standard procedure using Thales’ circle, with clear steps and verification of all possible
positions of the point.

D4 Clear standard procedure via the perpendicular bisector; verification of the relevant properties is
concise and complete.

D5 A clear band of parallel lines, determination of the vertex using a circle, clean verification, and
discussion of the number of solutions.

D6 Elegant procedure involving transferring the radius along the circle, with clear steps and verification

that the construction closes correctly.

Appendix F: Qualitative analysis of simulated student solutions in
Experiment 2

This appendix provides detailed qualitative comments on individual solution attempts generated in Ex-
periment 2. The comments illustrate how role alignment and didactic usefulness were assessed for each
student profile.

F.1 Comments on Individual Problems — diligent but low-achieving student

A4 Both the language and the procedure appear diligent but mechanical. The student correctly chose
the common denominator 2(z — 1), but, in line with the given profile, made a typical routine sign
error when removing parentheses:

20 +4— (2% —4x+3) =22 +4— 22 — 4 +3

instead of the correct 2z + 4 — 22 + 4 + 3. There is also no mention of the condition x # 1. This
makes the solution an excellent counterexample for practising the issue of a “minus sign in front of
parentheses” and for reinforcing awareness of the domain of definition.
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A6 The procedure is diligent and mechanical. A typical error occurs when expanding (z — 1)% as 2% — 1
instead of 2 — 2z + 1; the student also fails to address the condition & > 1. A check is performed,
but purely mechanically, and based on the incorrect computation the student concludes that no
solution exists. From an instructional perspective, this solution serves well as a counterexample
illustrating correct expansion and the necessity of respecting conditions.

B2 The procedure is mechanical and hasty. The student works only with adding 20% back to the dis-
counted price, which is a typical student error (confusing the base of a percentage calculation). The
possibility that the 10% discount is applied after the first discount is completely ignored, and no
consideration of alternative cases is given. The result of 1920 CZK is incorrect, but for the teacher
the response is valuable—it can be used to demonstrate why percentages cannot simply be added
back and why it is crucial to determine correctly the quantity from which a discount is calculated.

B6 The procedure is diligent and template-based (the student correctly writes the equation % + % = é

and the relation ¢t; = 2t3), but a typical mechanical error occurs when adding fractions: from
i + % the result should be %, not &. This is followed by an incorrect computation, yielding
to = 4.5 h instead of the correct values t2 = 9 h and ¢t; = 18 h. The student also ignores the
word “approximately” in the problem statement (accepting equality without comment) and does
not verify the combined time. The solution is a useful counterexample for working with expressions

of the form % and for checking results by substitution.

C1 The problem originates from a mathematical olympiad and is unsolvable for a ninth-grade student
without mathematical aptitude. The submitted solution corresponds more closely to the work of
a university student—it is systematic, complete, and error-free. Such a performance cannot be
expected even from mathematically gifted pupils. The text therefore entirely misses the intended
student profile and provides no didactic value for instruction.

C5 The problem also originates from a mathematical olympiad and is unsolvable for a ninth-grade stu-
dent without mathematical aptitude. The submitted text contains a complex and highly structured
solution using the law of cosines, which is entirely unrealistic for such a student. Thus, there is no
alignment with the intended profile. On the other hand, the solution contains an error in deter-
mining the angle ZBAD, where an angle of 60° is taken instead of the correct 120°. This type of
angle confusion is a typical mistake when applying the law of cosines, and from this perspective the
solution can be partially didactically useful as an illustration of incorrect angle interpretation.

D2 The text is procedurally precise and systematic (analysis, construction, discussion) and employs
a construction strategy based on the midline: choosing S, on BC, determining the line p || AB
through S, using the circle k(B,t,) to select Sy, and determining A as the intersection of C'Sj
with the ray of angle 8. The construction is mathematically correct (the converse use of the midline
parallel to AB is valid; after placing A, the point Sj lies on AC and S,,S}, || AB implies that S is the
midpoint of AC'). However, this is a typical textbook solution to a construction problem employing
auxiliary points and a guided correctness argument, and is unrealistic for the “diligent without
aptitude” profile (ninth grade). It contains no student-like deviations or errors and therefore offers
no didactic value within this profile.

D4 The solution is precise and mathematically correct, without a single error. For this profile, however,
it is unrealistic — such a student would typically hesitate, might forget one of the defining properties
of a rhombus, or carry out the construction incorrectly. From a didactic perspective, there is no
moment that could be used to demonstrate a typical mistake or misunderstanding. Because the
solution contains neither error nor hesitation, it provides no usable instructional value.

F.2 Comments on Problems — mathematically gifted student with low effort

A4 From the perspective of research question RQ3, the simulation of this profile exhibits the expected
characteristics of a student solution: minor errors, inefficient strategies, and unrecognized blind spots
that commonly occur in authentic student work. The style is fast and intuitive (with a reference to
cross-multiplication); the computation is carried out without verification and without mentioning
the condition = # 1. The algebraic steps themselves are correct and lead to the result %;

however, the student makes no attempt at verification or at discussing possible simplification. From

a didactic perspective, it is appropriate to add that the denominator can be written as 2(x — 1)

and that the numerator cannot be cancelled by the factor z — 1 (e.g., since f(1) = 6). The response

matches the intended profile and is useful for diagnosing neglect of the domain of definition.

Scientia in educatione, 17(1), 2026, p. 63-90 87 https: //doi.org/10.14712/18047106.5220


https://doi.org/10.14712/18047106.5220

A6 The procedure is fast and lacks verification. After squaring, the equation 2 — 3z —4 = 0 is correctly
obtained and factored as (x — 4)(x + 1) = 0. However, the conditions and verification are missing
(x > 1, respectively © — 1 > 0); the root © = —1 is invalid, and only = 4 is admissible, since
v4+5 =3 and 4 — 1 = 3. This response is didactically suitable for demonstrating the emergence
of extraneous roots after squaring and the necessity of verification.

B2 A quick idea without verification: the student adds the discounts 20% + 10% = 30% and interprets
1600 as 70% of the original price. The fact that discounts are applied sequentially and multiplica-
tively is ignored. There are two meaningful interpretations: either 1600 = 0.8P = P = 2000, or
1600 =0.8-0.9P = 0.72P = P =~ 2222.22. The computed value of 2286 CZK results from an addi-
tive conception of percentages combined with the absence of verification. The response matches the
profile and is didactically suitable for diagnosing a frequent error in problems involving compound
discounts.

B6 A fast, intuitive decision made without attention to the nuances of the problem statement. The
phrase “approximately twice as long” is interpreted relative to the total time (12 h), rather than
to the time of the other pump, which is the standard interpretation of the phrase (i.e., t1 ~ 2t3).
The subsequent computation leads to to = 12 and to the conclusion that the pumps have equal
performance, without any verification of plausibility. A correct (and ideally exact) interpretation
would be t; = 2¢5 and

1 11 3 1
S Lo . 4)—9h t;—18h
L L6 2, h 2%, 6 ° !

=N

The response clearly illustrates a typical error of this profile: the hasty adoption of an initial
interpretation and the absence of verification.

C1 The problem originates from a mathematical olympiad and is intended for highly proficient solvers.
The submitted solution is systematic, employing the parametrizations a = 7°11Y, b = 7711%,
comparison of exponents 1+3x = 5z, 3y = 1+ 5w, and selection of minimal solutions. This approach
reflects the deliberate work of an experienced solver rather than that of a student profile relying
on first ideas and analogies without engaging in structured search. Although the final numerical
evaluation and a check of minimality are missing, the overall conception is too advanced and does
not align with the intended role. Didactically, the solution is uninformative for this profile: it is
not a realistic student performance and does not reveal typical manifestations of a fast but careless
approach.

C5 The problem is olympiad-level and demanding for ninth grade. The response partially corresponds to
the profile through a rapid, unjustified idea (assuming a right angle at D, applying the Pythagorean
theorem, without a sketch or verification), but it completely ignores a key piece of information,
BA =2, and fails to account for the collinearity of A, B, C' implied by the problem statement. For
this reason, alignment with the role is only partial: a quick idea and lack of verification are evident,
but the overall reaction to the difficulty of the problem is unrealistically confident. Didactically,
the response is useful as an illustration of inappropriate fixation on a right angle without support
from the data, and as motivation for systematic consistency checks against all given information;
the correct result is BD = /7.

D2 The response corresponds to the profile. A quick idea involving completion to a parallelogram is
present, but the work is unfocused and lacks verification. Inconsistencies appear in both the data
and the notation: the final procedure begins with a segment AD of length a, although a = |BC|
(not |AD|); further, the angle ZDAY = 180° — 3 is introduced without a clear connection to the
given conditions, and a circle with centre D is used without being properly defined. In earlier steps,
three incompatible approaches alternate (midline construction, parallelogram ABCD, an attempt
via Sp), with parts explicitly abandoned (“I don’t know this either”, “I give up”). Didactically,
the text is valuable: it clearly illustrates typical difficulties of a fast solver—confusion of given
elements, inconsistent notation, switching between methods, and erroneous fixation on an auxiliary
construction. It can be used to show how to formalize the parallelogram strategy correctly (extending
BS}, to length 2t;, verifying that AC' and BD bisect each other) and why continuous consistency
checks with the given data a = |BC|, § = LABC, t;, = |BS,| are necessary.

D4 The style matches the profile: a quick idea based on properties of diagonals, a concise procedure
without proof, verification, or boundary considerations. The construction itself is mathematically
correct (taking AC' = e, midpoint S, the perpendicular through S, and points B, D at distance
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f/2), but verification that a rhombus is indeed obtained is missing (e.g., via congruence of the four
right triangles at S), as well as a discussion of conditions on e, f > 0, uniqueness (the solution is
determined only up to congruence), and degeneracy. Didactically, the solution is partially usable: it
can illustrate the need for brief justification and explicit formulation of conditions, even when the
construction itself is straightforward.

F.3 Comments on Problems — student with neither effort nor aptitude

A4 The style is hesitant and uncertain (with a mention of cross-multiplication). The procedure begins
correctly by seeking a common denominator, but is followed by an incorrect expansion of the expres-
sion (z — 3)(z — 1) and errors in handling negative signs. The resulting fraction _22;_'27 is incorrect,

and the student neither completes the solution nor verifies it. From a didactic perspective, these fea-

tures are precisely what make the response valuable: typical errors such as incorrect multiplication
of binomials, omission of signs, and failure to recognize that the denominator cannot be cancelled
with the numerator. The response matches the profile and is well suited as an illustration of an

uncertain and unfinished solution.

A6 The style is uncertain; the student opts for mechanical squaring and then does not proceed further.
Typical errors of a weak student appear: incorrect expansion of (z — 1)? (correctly 2% — 2x + 1, the
student writes 2 — 1), omission of the conditions > 1 and & > —5, and absence of verification of
possible roots. From the quadratic form 22 —z — 6 = 0, the solution does not continue, even though
this would be a standard next step. The output is useful as a diagnostic example of errors related
to squaring, neglect of the domain, and omission of checks for extraneous roots.

B2 The style is indecisive. The student mechanically adds the discounts and treats the advertised price
of 1600 CZK as the price after both discounts. A typical confusion occurs: discounts are added in-
stead of being applied sequentially by multiplication, and the base from which the second discount
is calculated is not distinguished. The unit-percentage approach leads to an unrealistic result of
2285.7 CZK, and there is no check of the problem statement or consideration of alternative inter-
pretations. Didactically, the response is useful as an illustration of adding percentage discounts,
confusing the base, and neglecting the fact that the price of 1600 CZK typically represents 80% of
the original price (original price 2000 CZK), while the 10% loyalty discount is subsequently applied
to this 1600 CZK.

B6 The procedure is mechanical and incorrect from the outset. Instead of working with rates, times are
added (the equation x + y = 6), indicating a confusion of quantities in a joint-work problem, and
the linear relation z = 2y is not justified with respect to the problem statement. Verification of
the result is missing; times of 2 h and 4 h would lead to a combined time of 4/3 h, not 6 h. The
imprecision conveyed by the word “approximately”, indicating that the value is not exact and that
the problem requires work with rates or at least acknowledgement of the vagueness of the data,
is also ignored. Didactically, the output is useful as an illustration of typical errors: adding times
instead of rates, incorrect formulation of equations, and absence of verification. For contrast, one
may mention the correct scheme % +1= % and that “twice as long” refers to the time of 6 h, i.e.
approximately x =~ 12 h, which leads to y ~ 12 h; a more precise solution, however, requires an
unambiguous problem statement.

C1 This is an olympiad problem that goes beyond the standard curriculum. The student responds in
a typical way: not knowing how to begin, attempting a simple numerical substitution, and giving up
after the first failure. The approach is not systematic, and there is no work with prime factorization
or powers, which corresponds to the assumed profile of a weak student. Didactically, the output can
be used to illustrate how more demanding problems may lead to immediate blocking and premature
resignation, a strategy that is common among some students.

C5 This is again an olympiad problem. The response corresponds to the profile of a weak student:
uncertainty, an incorrect assumption of a right angle, and omission of basic checks (the triangle
inequality for sides 1, 2, and 3 leads to degeneracy). There is no consideration of the fixed 60° angle
between the sides of an equilateral triangle, nor of an appropriate choice of tools (such as the law
of cosines or coordinates). The result /5 is incorrect; once it is recognized that point B must lie on
the line AC (the law of cosines yields cos ZABC = 1), one obtains |BD| = /7. The output is useful
as an illustration of typical blocking in a demanding geometry problem and of replacing argument
with guesswork.
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D2 The procedure is fragmentary and lacks analysis. The median ¢, is confused with the length BA;
a circle with centre B and radius t; is used to determine point A, even though it determines possible
midpoints M of side AC for which BM = t;. A crucial connection is missing, namely that M is the
midpoint of segment AC and that A is the image of point C' under reflection across M. There is no
guarantee that point A lies on the ray determining angle 3 at point B; no verification or discussion
of the number of solutions and existence conditions is provided. Didactically, the output is useful
as an illustration of typical errors in constructions: omission of analysis and a sketch, confusion of
the meaning of given quantities, and neglect of the relationships between the conditions.

D4 The procedure is superficial, without analysis and without a final verification. The key error occurs in

the step involving diagonal BD: on the perpendicular through point S, one must mark the distance

%, not f. A circle with centre S and radius % determines points B and D; the student uses the
full length f, thereby invalidating the construction. The properties of a rhombus are not stated
(the diagonals bisect each other and are perpendicular), and discussion of the number of solutions
and existence conditions is missing. Didactically, the output is useful as an illustration of typical
confusions in constructions involving diagonals: confusing a diagonal’s length with its half, omitting
the locus, and neglecting final verification that a rhombus with the prescribed diagonal lengths has

indeed been constructed.
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